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Several issues related to the applicationof very high-order schemes for the � nite difference simulationof the full
Navier–Stokes equationsare investigated. The schemes utilize an implicit, approximatelyfactored time-integration
method coupled with spatial fourth- and sixth-order compact-difference formulations and a � ltering strategy of
up to tenth order. For this last aspect a consistent optimization approach is developed to treat points near the
boundaryresulting in minimal degradationof accuracy. The problems investigated exhibit many of the challenging
features of practical � ows and include several with complications introduced by curvilinear meshes, viscous effects,
unsteadiness, and three-dimensionality. The high-order method is observed to be very robust for every problem
considered.Thealgorithmis demonstratedto be highlyaccuratecompared tobothsecond-orderand upwind-biased
methods. For several cases, particularly very-low-Mach-number � ows, � ltering is determined to be a superior
alternative to scalar damping.

I. Introduction

D ESPITE rapid improvementsin computationaltechnology, the
numerical simulation of a wide range of practical turbulence,1

aeroacoustic,2 and electromagnetic3 phenomena remains intract-
able.One example is the direct simulationof high Reynolds-number
wall-bounded� ows. A common thrust in each of the precedingdis-
ciplines has been directed at developing more accurate methods
that maintain the error below a prescribed limit even for a relatively
small number of points per wave. Some approaches include spec-
tral (see Refs. 4 and 5 for example), optimized lower-order,2 and
higher-order6 7 techniques.

The speci� c objective of this work is to develop, implement,
and analyze higher-order—de� ned here to be higher than third—
accurate schemes for the compressible Navier–Stokes equations
(Sec. II). The focus is particularlyon complicated subsonic vortical
� ow problems with nontrivial geometries and/or boundary condi-
tions. A primary component of this study is the examination of the
higher-order scheme performance in curvilinear geometries, an as-
pect that has received relatively less attention in the literature.

The spatial discretizationalgorithmconsists of the subset of cen-
tered schemes that are compact (see, e.g., Refs. 6 and 8) i.e., where
the spatial derivativesare computed in a coupled (implicit) fashion.
As compared to explicit schemes, this approach incurs an increase
in computationalcost but lowers the truncationerror and reduces the
number of points near the boundary where special formulations are
required. As a starting point, we choose the strategy developed for
linear problems in Refs. 9 and 10, where a high-order� nite volume
approach is employed to obtain up to sixth-order schemes. How-
ever, to simplify the formal extension of higher-order accuracy to
the multidimensional Navier–Stokes equations, which are nonlin-
ear, we choose the � nite difference approach (see, e.g., Ref. 11).
Sections II.A and II.B outline the difference schemes employed in
the formation of the various terms in the Navier–Stokes equations
together with the treatment of boundary conditions (Sec. II.C).

Compact schemes have been previously employed in conjunc-
tion with explicit time-integrationmethods to address increasingly
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complex problems; see, e.g., Ref. 6. However, few such studies
have focused on wall-bounded � ows around geometrically com-
plex con� gurations, which are of principal interest to aircraft de-
signers. Because explicit methods are usually a poor choice for
such � ows—the � ne mesh spacing dictates a far too stringent
time-step size constraint—we select the Beam–Warming approx-
imate factorizationmethod12 with the diagonalizationprocedureof
Ref. 13 (Sec. II.D). For comparison purposes the classical fourth-
order Runge–Kutta (RK) method is also implemented.

One of the principal problems encountered in the solution of the
Navier–Stokesequationswith centeredschemesis theappearanceof
numerical instabilities,arising from boundary condition implemen-
tation, unresolved scales, mesh nonuniformities, and nonlinearity
of the governingequations. If left unchecked, these spurious waves
amplify and eventually destroy the � delity of the solution. The im-
pact of boundaryconditionson the stabilityof higher-orderschemes
has been examined extensively, particularly for explicit time inte-
gration of model equations (see, e.g., Ref. 7). The literature reveals
relatively less theoretical insight into the other complications just
noted. A popularmethod to suppress such instabilitiesis throughar-
ti� cial dissipation in the form of a (small) additive damping term to
the governingequations(e.g.,Ref. 14)or through� ltering.Although
less popular than damping, � ltering for � uid dynamics calculations
is of roughly the same vintage: Ref. 15 describes an early effort. In
recent years the increased use of very high-order methods has en-
couraged the developmentof correspondinglyhigh-order� lters. An
extensive development of explicit � lters, i.e., those not dependent
on the solution of matrix systems, can be found in Refs. 16 and 17,
whereas the methodology to derive implicit schemes has been out-
lined by Lele.6 The � lters employed in this work were derived in
Ref. 10 to stabilize � nite volume schemes in electromagneticwave
phenomena. The set consists of tridiagonal-based � lters of up to
tenth order incorporating a free parameter for control. In Sec. II.E
the analysis is extended to simplify the implementationnear bound-
aries through the optimization afforded by the free parameter.

In Sec. III a large number of canonical as well as complex prob-
lems is chosen to highlightthe propertiesof the scheme; these range
from linear two-dimensional problems on uniform meshes to the
complicated � ow� eld past a delta wing at high angle of attack. Par-
ticularemphasisis placedon the importantissuesof spatialaccuracy,
conservation,mesh stretching,boundarycondition implementation,
and time integration.

II. Numerical Method
The unsteady, three-dimensional, full Navier–Stokes equations

are solved in strong conservation form using general curvilinear
coordinates ( ):
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whereU u E is the solutionvector; J is thetrans-
formationJacobian; F G, and H are the inviscid� uxes;and F G ,
and H are the viscous� uxes whose detailsmay be found in Ref. 18.
The system of equations is closed using the perfect gas law, Suther-
land’s formulaforviscosity,and theassumptionof a constantPrandtl
number Pr 0 72.

A. Treatment of Metrics and Inviscid Fluxes
The basic formula employs a � ve-point stencil compact differ-

ence. For any scalar quantity, in the transformed plane, which can
be a metric, � ux, or � ow variable, the derivative can be obtained
by solving the tridiagonal system:

i 1 i i 1 b i 2 i 2

4
a i 1 i 1

2
2

where a, and b are constants that determine the spatial properties
of the algorithm.The scheme is a subsetof the pentadiagonalsystem
of Ref. 6. We focus particularly on two compact schemes: the � ve-
point, sixth-order CD6 1

3
a 14

9
b 1

9 , and the three-point
fourth-order CD4 1

4
a 3

2
b 0 . Equation (2) also yields

the standard explicit fourth-order E4 0 a 4
3 , and b 1

3
and second-orderE2 0 a 1 b 0 algorithms.

Equation (2) is applied to form the various metrics x ,
x which in turn are employed to construct the Jacobian

J . The inverse metrics x y are then formed with the
standard general transformation relationships. Similarly, the invis-
cid � uxes are � rst formed in transformed coordinates at each node,
and each component is then differentiated with Eq. (2). The same
coef� cients are employed for both the metrics and the � uxes: this
has been shown to limit the error on stretched meshes10 19 (see also
Sec. III.B).

B. Treatment of Viscous Fluxes
In conservative form the computation of the viscous terms in

the Navier–Stokes equations is straightforward.The primitive vari-
ables u and T are � rst differentiated, and the stress tensor
is formed at each node. The viscous terms are then computed by
another application of Eq. (2). With proper choice of sequence of
operations and vectorization techniques, this successive differenti-
ation method is ef� cient. However, for double-derivativeterms this
approachmay not provide suf� cient numerical stability to odd-even
decoupling. Reference 6 recommends the use of second-derivative
formulas with the nonconservative form of the viscous terms ob-
tained through chain-rule differentiation. For compact schemes on
curvilinear coordinates, this approach may incur a substantial com-
putational penalty whose details depend on implementation. Be-
tween the preceding two options, an intermediate approach can
be patterned after common explicit second-order implementations.
This requires evaluation of certain stress-tensor quantities at mid-
points of the mesh with appropriate higher-order interpolation and
staggereddifferentiationformulas.Such schemeshavebeenderived
in Ref. 20. In the present work we have so far used the successive
differentiationapproach without encounteringany dif� culty.

C. Boundary Conditions
Boundary conditions are applied in two phases. In the � rst or nu-

merical phase, boundary formulas are required to differentiate , at
points 1, 2, N 1, and N , respectively,where the interior � ve-point
stencil accesses points from outside the domain. In the second or
physical phase, the values of the primitive variables at points 1 and
N are reset based on the physical nature of the problem at these
boundaries.

The formulas required for the � rst phase are derived after due
consideration toward maintaining the tridiagonal structure of the
scheme. At points 1 and 2, for example, the formulas employed are
as follows.

Point 1:

1 1 2

1 a1 1 b1 2 c1 3 d1 4 e1 5 f1 6 g1 7

Point 2:

21 1 2 22 3

1 a2 1 b2 2 c2 3 d2 4 e2 5 f2 6 g2 7

The coef� cients for varying orders of accuracy can be obtained
through the Taylor-series term-matching procedure. For point 1
the formulation is straightforward, and the coef� cients for im-
plicit ( 1 0) and explicit ( 1 0) schemes may be found in
Refs. 9 and 20. In this work we primarily employ fourth-order
boundary conditions ( 1 3, a1

17
6 , b1

3
2 , c1

3
2 , d1

1
6 ,

e1 0, f1 0, g1 0). The situation is more complicated for point
2, where several options exist, depending on the desired degree of
coupling of the slope at point 1 with the slopes at other points. The
corresponding coef� cients for various orders of accuracy, includ-
ing explicit ( 21 22 0) and decoupled ( 21 0) variants, are
detailed in Ref. 20. For the cases discussed next, we choose the
fourth-order 21 22 option, which, for the compact cases, degen-
erates into the same formula as for the interior CD4 scheme.

The physical boundary conditions considered include Dirichlet
(for no-slipwalls) and Neumann (e.g., p n 0, extrapolationand
symmetry) types and are applied after each update of the physical
variablesin the interior. For the Neumann condition,high-orderfor-
mulas can be easily derived.20 The order of the chosen formulation
was investigatedfor some of the following cases and found to have
little effect on the accuracy of the solution.For physical boundaries
this result may be attributable to the fact that mesh clustering is em-
ployed and local degradation in order of accuracy may be offset by
the smallermesh spacing.On the other hand the far � eld boundaries
were suf� ciently distant that boundary-conditionorder of accuracy
was not as critical. However, some sensitivity to order of accuracy
of Neumann conditions is observed at symmetry planes when mesh
clustering is only modest.

D. Temporal Integration
As already noted, one of the goals of this work is to couple the

compact high-order spatial discretizationschemes with an implicit
method. To achieve this, the Beam–Warming (BW) approximate-
factorizationmethod is chosenas implemented in the well-validated
second-order� ow solverdesignatedFDL3DI (Refs. 21 and 22). For
subsonic � ows the scheme includes fourth-order scalar arti� cial
dissipation.14 This code permits execution of several built-in tech-
niques to enhance robustness, ef� ciency, and accuracy, including
diagonalization13 and Newton-like subiterations. In delta form the
code essentially operates under the paradigm

[NUMERICS] U PHYSICS 3

where NUMERICS denotes the original second-order three-factor
implicit operator and PHYSICS constitutes the residual including
the time derivative. Spatial differences in the latter can be evalu-
ated with either the second-order, third-order upwind-biased Roe
� ux-difference split, or high-order compact difference schemes.
The implicit time-integration method is based on either the Euler
or second-order, three-point backward discretizations.To preserve
time accuracy with mixed implicit/explicit spatial operators,as well
as with diagonalization, Newton-like subiterations are employed.
For comparison purposes the classical fourth-order Runge–Kutta
(RK4) scheme has also been introducedinto the code in low-storage
form.23

E. Spatial Filtering
In Ref. 6 implicit seven-point � lter formulas are presented with

speci� c emphasis on sixth-order (pentadiagonal) and fourth-order
(tridiagonal) schemes derived with Taylor series and Fourier anal-
ysis. To facilitate consistency with the interior scheme, the present
work employs the tridiagonal subset developed in Ref. 10. The for-
mulasextendto 10th-orderaccuracyand containa controlparameter
that can be employedfor optimizationas describednext.Denoting a
typical component of the solution vector by , � ltered values can
be obtained by solving
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This formula provides a 2N th-order � lter with a 2N 1 point sten-
cil. Denoting the spectral function by SF, one can see that

SF
N
n 0 an cos n

1 2 f cos
5

where 2 kh L is the reduced wave number written in terms
of the physical wave number k and the mesh spacing h. Note that,
because of the symmetry of the operator, SF is real, and the � lter
is not dispersive. The N 1 unknowns a0 a1 aN are derived
in terms of f by solving the equation SF 0 (eliminating the
odd-even mode) and N additional equations obtained by match-
ing Taylor-series coef� cients. For example, the eighth-order � lter
F8 has the coef� cientsa0 93 70 f 128,a1 7 18 f 16,
a2 7 14 f 32, a3

1
16 f 8 , a4

1
128 f 64 ,

a5 0, whereas the second-order � lter F2 has the coef� cients
a0

1
2 f , a1

1
2 f , a2 a3 a4 a5 0. The f is retained

as a free variable that must lie within the range 0 5 f 0 5
for proper behavior of SF. The variation in SF with at several

f is plotted in Fig. 1a for F8. Within the preceding range of f ,
SF 1 (i.e., no wave is ampli� ed), and, furthermore, higher val-
ues of f correspond to a less dissipative � lter. At f 0 5 all
waves are unmodi� ed. Additional details on the speci� c formulas
and spectral responses for various orders of accuracy may be found
in Refs. 10 and 20.

The relatively large stencil of very high-order� lters requires spe-
cial formulations at several points near the boundaries. F8, for ex-
ample, cannot be applied at points 1, 2, 3, and 4 because the stencil
then extends beyond the domain. At such points one-sided high-
order Padé-type formulas can be derived,20 but SF is then complex;
further, the condition that none of the waves be ampli� ed cannot be
guaranteed.An alternativetechniqueemployedin this paper is based

a) Response of implicit eighth-order � lter for various f

b) Effect of f for eighth- and second-order � lters

Fig. 1 Spectral characteristics of compact � lters.

on the observationthat f can be consideredan optimizationparam-
eter. In Fig. 1b the spectral functions for F8 and F2 are plotted for

f 0 (i.e., the explicit� lter) and for f 0 4. Clearly, upon reduc-
ing order of accuracy, implicit � lters retain their desirable spectral
characteristics far better than explicit � lters. The degradation for
implicit � lters can be mitigated even further by increasing f near
the boundary.The last curve in Fig. 1b indicates that the dissipation
characteristics of F2 ( f 0 49) approach those of F8 ( f 0 4)
in the resolvedwave-number range 0 2, the maximum dif-
ference in SF being less than 0.4%. Thus, near the boundary, the
approach followed in this work is to lower the order of accuracy of
the � lter coupled if necessarywith a correspondingincreasein local

f . This technique is easily implemented with minimal degradation
of accuracy. However, one-sided formulas can also be derived as
discussed in Ref. 24.

Several options can be suggested for the implementationof � lter-
ing in multidimensional problems. In the following results we have
followed the strategyof applyingthe � lter to the conservedvariables
U after each subiteration(or after the � nal stageof the RK4 scheme).
The � lter is applied sequentiallyone directionat a time, and to min-
imize possible bias, this sequence is alternated between the various
permutations. The impact of � ltering on the fully discretized one-
dimensionaladvectionequationhas been examined throughFourier
analysis in Ref. 10. Such simpli� ed analyses do not, however, ac-
count for boundaryconditionapproximations,mesh nonuniformity,
and nonlinearityof the governing equations, the impact of which is
best assessed through actual application.

III. Results
The problems chosen to demonstrate the accuracyand robustness

of the higher-order approach encompass many of the complexities
encountered in � uid-dynamics calculationsand constitute a collec-
tion of inviscidand viscousphenomenaon Cartesianand curvilinear
meshes. In the subsequentdiscussionthe followingschemesare con-
sidered:second-orderwith the standardscalar fourth-orderdamping
terms (2nd), third-order MUSCL-based upwind-biased (Roe), and
fourth-order(CD4) and sixth-ordercompact (CD6). The interior � l-
teringformulaused is denotedby appendingits designationto thatof
the scheme. For example, CD6F10 designates the sixth-order com-
pact scheme combined with the 10th-order � lter. As noted earlier,
for this study, boundary formulas for implicit spatial differencing
are always CD4 while the � lter order of accuracy is lowered on
approaching the boundary.

A. Advection of Vortical Disturbance
The � rst case examined consists of the inviscid unsteady � ow

caused by a convecting vortex in an otherwise uniform � ow with
freestreamMach number M 0 1. This problemcompares the ca-
pabilitiesof the various schemes to accurately advect vortical struc-
tures as needed in direct and large-eddy simulations (DNS/LES).
The initial � ow condition is imposed by prescribing a vortex,
centered about the location xc yc , and satisfying the following
relations25:

u U
C y yc

R2
exp

r 2

2

C x xc

R2
exp

r 2

2

p p
C 2

2R2
exp r 2 r 2 x xc

2 y yc
2

R2

where u p, and R denote the Cartesian velocity components,
static pressure, and vortex core radius, respectively. The nondi-
mensional vortex strength parameter C U R was chosen to be
0.02. The relation for pressure was obtained by integration of

p r u2 r about the vortex center. The density was assumed
constant, althougha better approximation(using constant enthalpy)
can be applied for higher vortex strengths.

The Euler equations were solved on a uniform Cartesian mesh
employingfourdifferentlevelsof resolution( x R y R 0 4,
0.2,0.1,0.05).To examinethepropertiesof the spatialdiscretization,
the time-step size was reduced to tU R 0 002 [corresponding
to a Courant–Friedrichs–Lewy (CFL) number of 0.04 on the � nest
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a) Vorticity magnitude contours

b) Vorticity magnitude along centerline

c) Order of accuracy
Fig. 2 Advection of vortical disturbance on uniformmesh with various
schemes at tU /R = 8.

mesh] at which further reductionhad no perceptibleimpact on solu-
tion accuracy.Additionally, for this time step size, both the BW and
RK4 methods yielded identical results. Consequently only results
with RK4 are discussed here.

Figure 2a shows contours of vorticity magnitude on the sec-
ond grid ( x R y R 0 2) at the instant when the vortex has
convected a distance of 8R tU R 8). A comparison of the vor-
ticity distributionalong a horizontal line passing through the vortex
center is provided in Fig. 2b. Results with the compact schemes
(only CD6F10 is shown) are in excellent agreement with the exact

solutionin terms of peak vorticityand radial symmetry.The second-
order method produces signi� cant errors in both the magnitude and
radial distribution of vorticity and displays the formation of a vor-
ticity blob, which lags the vortex. The third-order upwind-biased
scheme improves the results somewhat but still exhibits signi� cant
dissipation and anisotropy errors.

A more systematic analysis of the order of accuracy and the ab-
solute error for the various spatial discretizations is provided in
Fig. 2c for second, Roe, CD4F8, and CD6F10 schemes. This � g-
ure displays the maximum error (L norm) in the computed swirl
velocity along the horizontal line passing through the vortex center.
In addition to the actual data points, linear least-square � ts to the
data (not including results on the coarsest mesh) are constructed
to provide an estimate of the order of accuracy (slopes are shown
in parentheses). From examination of Fig. 2c, several statements
can readily be made regardingabsolute error and order of accuracy.
The order-of-accuracyestimates for the � rst three schemesare close
to the expected formal accuracy values. CD6F10 is well-behaved,
but the order-of-accuracy estimate is signi� cantly higher than ex-
pected. This anomaly, displayed also by the results of Ref. 9 (albeit
to a lesser degree), deserves further investigationof boundary, time-
integration, and machine roundoff errors. It is anticipated that as
the absolute error decreases to very low values, all of the preced-
ing factors will exert a more dominant role in the behavior of the
full discretization.For all of the grids considered the absolute error
magnitude decreases consistently with the increasing formal accu-
racy of the algorithms. A signi� cant reduction in the absolute error
is achieved when going from the third-order upwind scheme to the
compact fourth-order algorithm. For a prescribed level of accuracy
(e.g.,10 4), comparisonof the upwind-biasedandCD6F10 schemes
indicates that the level of resolution (in each spatial dimension) re-
quired by the lower-order method would be more than four times
that needed with the high-order scheme. Clearly, the higher-order
compact algorithm could potentially result in a much smaller num-
ber of grid points for the accurate advection of three-dimensional
vortical structures.

B. Advection on a Curvilinear Mesh
Although the preceding results for the high-order compact algo-

rithmareveryencouragingand informative,they havebeenobtained
for simple uniform Cartesian meshes. To provide a more stringent
and relevant assessment, the vortex-advection test case is repeated
here on a smooth but highly nonorthogonal,curvilineargrid, shown
in Fig. 3a. This type of mesh was constructedanalyticallyaccording
to the expression

xi j xmin x i 1

yi j ymin yo[ j 1 A sin n x L j J L ]

x L I L 1 yo H J L 1

1 i I L 1 j J L

where the amplitude, frequency, and phase-shift parameters were
speci� ed as A 1 0, n 8, and 3 2. Three different levels
of spatial resolution similar to the preceding test case were em-
ployed (namely, x R yo R 0 4 0 2, and 0.1). Some of the
grid quality parameters for the medium mesh are maximum stretch-
ing ratio of 1.12, ratio of maximum to minimum cell size of 2.3,
and maximum and mean deviation from orthogonality (skewness)
of 56.4 and 40.1 deg, respectively.Therefore, it is apparent that the
vortex is convected through regions of the mesh where stretching
and pronounced skewness are present (Fig. 3a).

Grid-convergenceplots of the maximum error in -velocity com-
ponentare shown in Fig. 3b at a nondimensionaltime tU R 8 0.
Only the central schemes are considered. The superior behavior of
the high-order compact algorithm in terms of absolute error and
order of accuracy is clearly manifest. It should be noted by com-
parison with the corresponding uniform-grid results (Fig. 2c) that
order of accuracy is roughly preserved, although the absolute error
increaseswhen going to the more demanding nonorthogonal,curvi-
linear mesh. The second-order method displays less sensitivity to
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a) Grid

b) Order of accuracy

c) velocity along j = jmid

Fig. 3 Advection of vortical disturbance on curvilinear mesh with var-
ious schemes at tU /R = 8.

grid quality in part because the correspondingerror magnitudes on
the uniform mesh are much higher to start with. The superior so-
lution obtained with the compact algorithm (CD6F10) is shown in
Fig. 3c in terms of the y component of velocity along a j -constant
grid line through the center of the vortex.

The curvilineargrid employed for this case providesa uniqueset-
ting to investigateissues of freestreampreservationnoted earlier.To
this effect, uniform� ow was computedon the curvilinearmesh. The
maximum departure from the prescribed uniform � ow initial con-
dition after one characteristic time is noted in Table 1. The second-
orderschemeis knownto satisfyfreestreampreservation,and indeed
all explicit centered operators possess this property in two dimen-
sions. As seen in Table 1, metric cancellation errors with compact

Table 1 Uniform � ow preservation on
curvilinear mesh, u = (u U )/U ,

= /U

Scheme umax max

2nd 1 1 10 13 1 1 10 13

CD4F8 1 7 10 13 1 4 10 13

CD6F10 4 6 10 13 3 2 10 13

schemes are also very small. These observations do not carry over
to the three-dimensional situation where special metric evaluation
techniques are necessary to enforce freestream preservation.24

Because the present curvilinear grid is generated analytically,
the convecting vortex case also was computed with analytically
determined metric values. As shown in Fig. 3c for the compact
sixth-order scheme, the use of the exact metric expressions results
in signi� cant errors, which are of course exaggeratedon this highly
distortedmesh. Improvedaccuracyis realizedby discreteevaluation
of the metricswith the same differenceformulaas for the other terms
in the governingequations.For the one-dimensionalcase, this issue
has been discussed in Ref. 19 for explicit and in Ref. 10 for higher-
order compact schemes.

C. Evolution of Small-Amplitude Disturbance in a Shear Layer
The next case evaluates the capability of higher-order schemes

to capture the temporal growth of a small-amplitude,normal-mode
disturbancein an inviscidshear layer.The base parallel� ow consists
of a hyperbolic tangent velocity pro� le u 0 5[1 tanh y ] and

0. (Here u , and y are nondimensional.) To permit comparison
with incompressible theory, the freestream Mach number is set to a
very small value (M 0 05).

Application of inviscid linear stability theory for the evolution
of small-amplitude disturbances reduces this problem to the well-
known Rayleigh stability equation.26 A detailed inviscid linear sta-
bility analysis of the hyperbolic-tangentpro� le has been given by
Michalke.27 Following Ref. 27, a disturbance is introduced of the
form

u
y x

Re y ei x ct y r i i c cr ici

where is the perturbation streamfunction, the eigenfunction,
the wave number, and the perturbation amplitude. The phase

velocity cr is independent of wave number and is equal to 0.5. For
the present test case the most ampli� ed disturbance is considered,
which corresponds to 0 4446 and ci 0 2133 (Ref. 27). The
eigenfunctions r y and i y , required to describe the initial dis-
turbance, are computed by solving the Rayleigh stability equation
with a simple relaxation procedure. The perturbation � ow kinetic
energy E t is de� ned as

E t
L

0

u2 2 dy dx

where the wavelength L 2 corresponds to the streamwise ex-
tent of the computational domain, on which spatially periodic con-
ditions are applied.For small perturbationamplitudes, the temporal
energy growth predicted by the linear theory is given in normalized
form as E t E 0 e2 ci t .

Calculations for the shear-layer instability were performed on
three separategrids for an amplitudeparameter 0 001. All cases
were computed with the RK4 time-marching scheme at a nondi-
mensional time step t 0 0005. Computed results obtained with
the various spatial discretizationsare compared with linear stability
theory in Figs. 4a–4c in terms of the normalized ampli� cation rate.
For all of the grids considered,the second-orderscheme with damp-
ing is characterizedby unacceptablylarge energy growth rates. The
third-orderupwind method results in signi� cant improvement with
predicted growth rates that are somewhat lower than the theoreti-
cal value, a fact attributable to the dissipative nature of the upwind
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a) 33 45 grid

b) 65 45 grid

c) 65 89 grid

d) Damping vs � ltering on 33 45 grid

Fig. 4 Perturbation energy growth for shear layer instability.

Fig. 5 Effect of high-frequencycutoff mechanism on vorticity contours
in roll-up stage of shear layer instability.

algorithm. The error, however, is observed to diminish with mesh
re� nement, and on the � nest grid the results may be considered to
be satisfactory.For all of the grids employed, the superior accuracy
of the compact fourth- and sixth-order schemes is evident from the
predicted growth rates, which are in excellent agreement with lin-
ear stability theory. For this two-dimensional linear stability � ow
problem, the use of the fourth-order compact algorithm permits a
reductionof gridpointsbymore than a factorof fourwhencompared
to the upwind method.

To explore the origin of the rather poor results obtained with
the second scheme, computations were performed on the coars-
est mesh using the second method without damping. As shown
in Fig. 4d, elimination of the fourth-order scalar damping terms
signi� cantly improves the predicted ampli� cation rate, producing
results that are actually better than those obtained with the up-
wind method. Similarly, the second-order scheme combined with
an eighth-order � lter provides much better results when compared
to the standard scalar damping method. Many of the dif� culties of
the baseline second algorithm appear to be attributable to arti� cial
dissipation, which introduces dramatic errors particularly for this
very-low-freestream-Mach-number case. However, elimination of
the damping terms without the addition of a high-frequencycutoff
mechanism (such as � ltering) is not a practical alternative even for
this problem. Although the second-order scheme without arti� cial
dissipationremainswellbehavedandstableduringthe initial(linear)
stages of the disturbancegrowth, once the shear layer rolls up into a

Table 2 Parameters for boundary-layer gridsa

Grid Dimensions ywall cmax N ymax ywall

G1 81 37 0.04 1.21 12 434
G2 81 61 0.02 1.13 22 556
G3 81 91 0.01 1.09 35 790

a local boundary-layer thickness; c stretching factor; N
number of points in the boundary layer.

vorticalstructurehigh-frequencynumerical oscillationsappear: this
is demonstrated in the vorticity contours of Fig. 5. The correspond-
ing plot for the CD4F8 (Fig. 5) displays no odd–even oscillations.
The high-order � lter is then found to provide a robust and accurate
means of suppressing the numerically induced oscillations charac-
teristic of centered (nondissipative) schemes.

D. Flat-Plate Boundary Layer
We now proceed to problems where viscous effects are impor-

tant.As a preliminaryvalidationof the implementationof all viscous
terms, the unsteady two-dimensional � ow caused by the decay of
a line vortex26 was computed on a Cartesian mesh for various ori-
entations of the line vortex. In all cases results for the high-order
compact method were found to display excellent agreement with
the analytic solution.

The basic problem of a steady, laminar, � at-plate boundary layer
at a low freestream Mach number (M 0 2) is considered next.
The � ow is computed on several Cartesian meshes with uniform
spacing in the streamwise direction and signi� cant stretching in
the normal direction in order to provide suf� cient clustering near
the wall. Details of the grids employed are given in Table 2. For
this relatively � ne mesh spacing, characteristic of wall-bounded
� ows, the implicit time-integrationscheme is found to be far more
stable than RK4 and is employed exclusively. Furthermore, with
BW, stabilityboundswere comparable for all spatial discretizations
examined.

To illustrate the properties of the algorithms, comparison of
the computed results with the Blasius solution is considered for a
ReynoldsnumberRex 1 45 105 basedondistancefrom the lead-
ing edge. The computedvelocitypro� les on the coarse and medium
meshes are shown in Figs. 6a and 6b, where y U 2 x . Re-
sults obtained with the CD4F8 and CD6F10 schemes are in good
agreement with Blasius solution, even for the coarsest grid, which
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a)

b)

c)

d)

e)

f)

Fig. 6 Boundary-layer velocity pro� les at Rex = 1 45 105. Effect of
grid resolution: a) G1 and b) G2. Effect of � lter on G2: c) order of
accuracy, d) value of f , e) comparison of � ltering vs damping, and f)
effect of boundary � lter optimization.

contains only 12 points within the boundary layer. The second-
order scheme by contrast produces poor results for this Reynolds
number on the medium grid (with more than 20 points in the bound-
ary layer). Acceptable results (not shown) are achieved with the
low-order method on G3, with approximately 35 points within the
boundary layer. However, the error in skin-friction prediction for
the second-order scheme on the � nest mesh (5.2%) is still higher
than the correspondingerror of 1.5% displayed by the compact so-
lutions on the coarsest grid. This result indicates that more than a
factor-of-three reduction in the number of required mesh points is
achieved with the compact algorithm.

The effect of the interior � lter order of accuracy is assessed in
Fig. 6c, which shows the computed laminar velocity pro� le for the
CD4F4, CD4F6, and CD4F8 schemes respectivelywith f � xed at
0.4. Similarly, the effect of variation in f is assessed for CD4F8
in Fig. 6d with f values of 0 4, 0.1, and 0.4. The computed
velocity pro� les are observed to display practically no sensitivity
to the order or coef� cient of the interior � lter. The maximum vari-
ation in the corresponding skin-friction coef� cient is found to be
less than 0.4% when f is varied through its recommended range
( 0 5 f 0 5 .

Under conditionsof relative coarse mesh density, as are likely to
be encountered in complex three-dimensional calculations, details
of damping/� ltering techniquesbecome important. Some of the in-
adequacies of the standard second scheme are again found to be
associated with the fourth-order scalar arti� cial dissipation, which
is added to maintain stability. As shown in Fig. 6e for the coarse
mesh G1, when the second-ordermethod is combinedwith a fourth-
order� lter (insteadof damping), its accuracyimprovessubstantially.
Although not shown, conversely, the CD4 algorithm with added

fourth-orderdampingis foundto exhibitpoor results,whichare sim-
ilar to those of the low-order scheme. These observations reassert
the superiorcharacteristicsof the presentfourth-ordercompact � lter
over standard scalar arti� cial dissipation and suggest that accuracy
improvements of existing second-order codes can be achieved with
a suitable � lter implementation.

As noted earlier, the strategy of reducing � lter order of accu-
racy may require proper optimization of the boundary formulation,
speci� cally at point 2 where the order of accuracy of the � lter is
only second. Figure 6f shows results on G1 with CD4F8 with two
� lter coef� cient setting strategies that differ only in the coef� cient
of f at point 2 (i.e., the � rst point away from the wall). In the
optimized case f at point 2 is 0.499, whereas in the unoptimized
case this value is 0.0, i.e., the � lter is explicit.Given the poor results
with the latter, clearly, the simpli� ed strategy of lowering order of
accuracy near the walls can only be justi� ed for optimized � lters.
However, this is an important consideration only on rather coarse
meshes: indeed note the excellent results of Figs. 6c and 6d on the
medium mesh G2, where f is not modi� ed near the wall.

E. Unsteady Flow past a Circular Cylinder
As noted in the Introduction,one of the objectivesof this work is

to extend the applicationof the high-ordercompact schemes to � ow
simulation over more practical geometries using curvilinear coor-
dinates. Toward this end, the case of unsteady laminar � ow past a
circularcylinderis examined.Again,a low freestreamMach number
(M 0 1) is chosen to permit comparison with available incom-
pressible computationalresults (e.g., Ref. 28). A baseline O-grid of
size 155 201 is employed with a nonuniform spatial distribution
in both coordinatedirections.The far-� eld computationalboundary
is located 100 diameters away from the cylinder. A branch cut is
introduced into the O-type mesh in front of the cylinder together
with a � ve-point mesh overlap. A coarser mesh (155 101) is also
constructed by removing every other radial grid line. For this wall-
bounded � ow the implicit BW algorithm with tU D 0 005 is
employed with two subiterations.

Figure 7 exhibits the phenomenon of shedding past a cylinder at
ReD 1000 computed with the second and CD6F10 schemes. The
higher-orderscheme is well behaved for this general con� guration,
which is discretizedwith a high-aspect-ratio,stretched,nonorthogo-
nal mesh. Even at this low Reynoldsnumber, resultswith the higher-
order compact algorithm are superior: note the improved preserva-
tion of the vortex street behind the cylinder (Fig. 7).

A quantitative comparison can be made at ReD 100 with the
highly resolved computations reported in Ref. 28. Table 3 displays
the Strouhal number and maximum lift and drag coef� cients com-
putedwith severalschemesusingthe two gridspreviouslydescribed.
The values for CL max and CD max obtained with the compact algo-
rithms are observed to be in good agreementwith each other as well
as with the corresponding results of Ref. 28. Even on the coarser

Fig. 7 Computed Kármán vortex street behind cylinder at ReD = 1000.
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Table 3 Strouhal number Sr and maximum lift and
drag coef� cients for cylinder at ReD = 100

Scheme Grid Sr CL max CD max

2nd 155 101 0.166 0.360 1.356
2nd 155 201 0.164 0.324 1.333
CD4F8 155 101 0.162 0.316 1.302
CD4F8 155 201 0.164 0.315 1.311
CD6F10 155 101 0.162 0.316 1.306
CD6F10 155 201 0.164 0.313 1.310
Ref. 28 —— 0.164 0.314 1.314

Fig. 8 Vorticity magnitude contours for two-dimensional forced wall-
jet instability.

mesh, the higher-order method produces results superior to those
obtained with the low-order scheme on the � ner grid.

F. Forced Wall-Jet Instability
The numerical simulation of a two-dimensional transitional

forcedplanewall jet29 30 presentsanotherchallengingtest. The � ow
conditionsfor the simulationare selectedto be as close as possibleto
the experimentsof Ref. 29, which providehigh-resolutionPIV mea-
surements. The Reynolds number is therefore � xed at Reh 2150,
where h denotes the nozzle height. The jet is forced at a fre-
quency f 0 15h Umax through a harmonic variation of the in-
coming parabolic velocity pro� le. The stretched Cartesian mesh,
consisting of 230 176 points, is clustered near the plate and the
nozzle exit. The highly resolved computational results of Ref. 29
are employed for scheme evaluation.

In Fig. 8 the vorticity magnitude is plotted for several methods
together with the mesh-converged results of Ref. 29. The double-
row vortical structure, found in the early (two-dimensional) stages
of transition, is reproduced well by the present computational ap-
proach. On the coarse mesh the second-order scheme predicts spu-
rious eruptionof vortexdipoles into the freestream(Fig. 8a). In con-
trast, the fourth-order compact scheme with either time-integration
method (Figs. 8b and 8c) provides results comparable to those ob-
tained with the second-orderalgorithm on the � ner mesh (Fig. 8d),
which contains four times as many grid points.This has a signi� cant
impact on three-dimensionalsimulations,where a factor of at least
eight reduction in mesh points is anticipated.

Preliminary direct numerical simulations of the three-dimen-
sional wall-jet transition process are performed with the implicit
time-integration scheme on a mesh of size 230 125 101 with
both the second and CD6F10 schemes. In the computations the jet
is forced at the in� ow plane in a manner similar to the above two-
dimensional forcing function (i.e., without any spanwise modes be-
ing introduced). Figure 9 shows the computed instantaneous � ow
structure in terms of contours of vorticity magnitude on a plane
parallel to the plate at a distance of 1.3h. Near the nozzle exit the
vortical structures arising from primary instability are fairly two-
dimensional.However, in a dramatic interactionwith the side walls,
these primary vortices undergo a rapid breakdown caused by span-
wise instabilities. This computed secondary instability process is
in agreement with experimental observations as shown in Ref. 31.

a) b)

Fig. 9 Vorticity magnitude contours on y/h = 1 3 plane for three-
dimensional wall-jet instability with a) second-order and b) CD6F10
schemes.

a)

b)

c)

Fig. 10 Azimuthal component of vorticity on vertical plane passing
through core of broken-down vortex.

From a comparison of Figs. 9a and 9b, it appears that the low-order
method, although capable of capturing the primary vortical struc-
tures, fails to reproduce some of the � ne-scale secondary instability
structures displayed by the higher-orderscheme.

G. Three-Dimensional Spiral Vortex Breakdown Above a Delta Wing
The � nal calculation addresses the unsteady simulation of spiral

vortex breakdown above a slender delta wing with a sweep angle
of 75 deg and at 32-deg angle of attack. Analysis of this complex
phenomenon,which has a signi� cant impact on aircraft control and
structuralintegrity,22 remains a challenge,partly becauseof the pro-
hibitively large computational resources required for accurate stud-
ies. The freestream Mach number is 0.2, and the Reynolds num-
ber based on centerline chord is 9200. An extensive computational
analysis with the second-order scheme, including a mesh resolu-
tion study, has been reported in Ref. 22 and will be employed for
evaluation.

The delta wing is embedded in an H H topology, highly
stretched mesh and represents a challenge in the implementationas
well as a testof the robustnessof thepresentscheme.Figures10aand
10b show the instantaneous y component of vorticity on a vertical
plane cutting through the vortex core for the second-ordermethod.
These results are taken from Ref. 22. Grid 2 contains double the
resolution of grid 1 in the core region and was shown in Ref. 22
to be adequate. At this angle of attack, the breakdown location is
highly sensitive to details of the numerical simulation.Thus, on the
coarse mesh the second-orderscheme results in a premature break-
down of the vortex. By contrast, the CD6F10 solution shown in
Fig. 10c displays a breakdown location similar to the second-order
results on the � ne mesh. Focusing on the coarse mesh, the second-
order method (Fig. 10a) shows relatively little detail with only two
smeared concentrations of azimuthal vorticity in the vortex wake.
On the other hand, CD6F10 results (Fig. 10c) exhibit a much richer
structure corresponding to a stronger, tightly wound spiral in far
better agreement with the grid-convergedresults of Fig. 10b.
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H. Note on Ef� ciency
The preceding high-order modi� cations are incorporated into a

fully vectorized version of the FDL3DI code for execution on a
Cray C90 processor.The implementationof the compact scheme in
the present implicit code does not increase memory requirements
because many of the arrays necessary for � ux Jacobian evaluation
can be utilized for residual calculation. Because of the relatively
large number of computations for the block-implicitportion, which
is common to all spatial schemes, the overall cost with the CD6F10
is only about 1.9 times higher than for the second-order scheme. If
diagonalization is employed, this factor increases to 2.4, which is
attributable to the reduced operation count of the implicit operator.
Based on the test cases just presented,we can make the conservative
estimate that the number of mesh points required in each direction
can be lowered by a factor of two. Consequently, in single-block
mode for a three-dimensional problem, the required memory and
CPU resources are reduced by factors of at least eight and four,
respectively.

IV. Conclusions
Signi� cant progress has been achieved in the extension of high-

order � nite difference methods for the solution of the full Navier–
Stokes equations on curvilinear meshes. Fourth- and sixth-order
compact spatial discretizationshave been coupled with an implicit
iterative time-marching approach as required for ef� cient solu-
tion of wall-bounded � ows. The dif� culties associated with high-
frequency spurious oscillations—inherent to centered nondissipa-
tive discretizations—have been overcome through the application
of a new high-order � lter strategy. Implicit � ltering operators of
up to tenth-order accuracy and containing a free parameter for dis-
sipation control have been implemented. This feature enables opti-
mization,which in turn permits a robust and accurate treatmentnear
boundaries.

Application to a number of increasinglycomplex problems, rang-
ing from vortical advection to a full three-dimensionaldelta wing,
con� rms the superior accuracy and ef� ciency compared to com-
mon low-ordermethods. This is achievedwith little reduction in the
stabilityof the implicit time-integrationoperator.The order of accu-
racy is veri� ed on uniform and curvilinear meshes, and freestream
preservationin two dimensionsis also demonstrated.For an inviscid
shear-layer instability, as well as for a viscous � at-plate boundary
layer with a highly stretched mesh, � ltering is a superior alterna-
tive to standard scalar damping, particularly for low Mach-number
� ows. This suggests that the accuracy of existing codes, which em-
ploy such damping, can be improved substantiallyby incorporation
of � ltering techniques.

The precedinghigher-orderapproachshows great promise for fu-
ture DNS/LES applications for which upwind methods have been
reported to be overly dissipative.Current research is focusedon fur-
ther analysis of time-integrationeffects, physical and arti� cial mul-
tizone boundary implementation, and the extension of the scheme
to treat supersonic � ows with embedded shocks.
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